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ABSTRACT. In this paper the authors show how to use Riemann-Hilbert tech- 
niques to prove various results, some old, some new, in the theory of Toeplitz op- 
erators and orthogonal polynomials on the unit circle (OPUC's). There are four 
main results: the first concerns the approximation of the inverse of a Toeplitz op- 
erator by the inverses of its finite truncations. The second concerns a new proof 
of the 'hard' part of Baxter's theorem, and the third concerns the Born approx- 
imation for a scattering problem on the lattice Z + . The fourth and final result 
concerns a basic proposition of Golinskii-Ibragimov arising in their analysis of 
the Strong Szego Limit Theorem. 



0. Introduction. 

Let dix be a probability measure on the unit circle T = {z G C : |z| = 1} 
and let O n = z n + ... , n > 0, be the (monic) orthogonal polynomials (OPUC's) 
associated with d\x, J r O m (z) O n (z) d|i = 0, m / n, m, n > (see [20 1). Let 
a = (a n ) ne z + denote the vector of Verblunsky coefficients <x n = — O n+ i(0), 
n > 0. By Verblunsky's theorem (see [ 17.1), the map V : dix i— > a is a bijection 
from the probability measures on V onto x B, where D = {z £ C : |z| < 1 } is the 
(open) unit disc in C. Following Cantero, Moral and Velazquez (5J, we may, given 
a, construct a (pentadiagonal) unitary matrix operator U = U(a) in 1+ = l 2 (Z + ) 
(the so-called CMV matrix) with the following property: Zq = (1,0, ...) T is a 
cyclic vector for U, i.e. < U k eo >-oo<k<oo = t+> an d the associated spectral 
measure for U is precisely d|x = V _1 (<x). With this construction, Verblunsky's 
theorem becomes a result in spectral/inverse spectral theory: Indeed, let S denote 
the map from CMV matrices U to their spectral measures d|x on V, 

(0.1) U i — > dix 

and let 1 denote the map from measures dix on V to their associated CMV matrices 
U = U(V(dti)), 

(0.2) d^ii — >U(V(dn)). 

Then S and 1 are inverse to each other. The above correspondence, which is the 
analog for the unit circle of the well-known correspondence between measures on 
the line and Jacobi operators (see e.g. |0), divides the study of OPUC's naturally 
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into two parts: the direct problem (equivalently, the study of the properties of S) 
and the inverse problem (equivalently, the study of the properties of 1). This is 
the approach taken in Simon's new book lH71IT8l : Part 1 focuses on X and Part 2 
focuses on S. The goal of the present paper is to show that the study of the map X 
is greatly facilitated by using Riemann-Hilbert (RH) techniques. We will do this by 
producing new and transparent RH proofs of some classical and central theorems 
in the subject: En route, we will also derive some new results. 

Denote by H± the closed subspaces of L 2 ( V) consisting of functions u whose 
negative/non-negative Fourier coefnents are zero, and let P± : L 2 (V) — > H± be 
the associated orthogonal projections. Given a function cp G L°° (T) we define the 
associated Toeplitz operator with symbol cp, T (cp) : H + — > H+, by the formula 

(0.3) T(<p)u = P+(<pu), uGH+. 

In terms of the Fourier coefficients cp^ = $ (k) = J^„e — * 9 cp(e te )^| the 
Toeplitz operator becomes a truncated discrete convolution: 

oo 

(0.4) T(cp) z k = Y_ <Pj-kZ j > z 6 H k G Z + . 

3=0 

Let T(cp)ji c = (Pj-k- Then the Toeplitz matrix (T((p)j] c )°° k=0 = (cp, -1^)^=0 ^ s ^ e 
matrix representation of T(cp) in the standard basis (z k )^_ for H + . For n > 0, 
let V n = |H|Lo a j z '| denote the subspace of L 2 [V) consisting of polynomials 

of degree less than or equal to n, and P n : L 2 (P) — > V n the corresponding 
orthogonal projection. Define the n'th truncation of the Toeplitz operator T(cp) to 
be the mapT n = T n (cp) = P n T(<p)|p n . 

In the following we will be interested only in symbols cp belonging to 
the so-called Beurling class Wy (compare [17|). The basic definitions are as 
follows. We call a sequence -v = ("ViJkez a Beurling weight if it has the properties: 

(i) -vj > 1, jGZ 

(it) ^ =-V-j, j G Z 

(iii) -v j+k < -Vj -v k , j.kGZ 
The Beurling class is defined as 



W^ = LeV(V) : ^l-Vj |cpj| < oo|. 

V ii-H ' 



By standard subadditivity arguments it follows that 

, , log^v logTv 

(0.5) A -v = lim -2-- = inf -2-- 

k-^oo k keN k 

exists. Note, in particular, that A(-v) > and also that -v k > e |k ' A( ^ ,) ,k G Z. In 
case A('v) = 0, we say that -v is a strong Beurling weight. It is easy to see that W 7 
becomes a Banach algebra if equipped with the norm 

(0.6) IMI-v = X^N- 

jGZ 
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Canonical examples are given by the exponential weights "Vj = Y > Y > 1 , and the 
algebra W* associated with (strong) Beurling weight "Vj = (1 + |j|) a , a > 0. The 
space W° is the standard Wiener algebra. Note that Wy C W° for any Beurling 
weight "V. 

It is a well-known theorem, due to Krein, that if cp G W°, then T(cp) is invertible 
if and only if cp(z) ^ for all z G V and wind((p, 0) = 0. In this case, the inverse 
is given by 

(0.7) T{(pr l =J (AS) T / 1 



, ( p+/ \<p-, 

where cp = cp + cp_ is the Wiener-Hopf factorization of cp, i.e. cp+ extends to a 
non-vanishing function analytic in the interior of the unit circle and cp_ to a non- 
vanishing function, with cp_(oo) = 1, analytic in the exterior of the unit circle. 
Said differently, 

<p+U) »N<1, 



1 (p_'(z) ,|z|>1, 
is the solution of the (scalar) Riemann-Hilbert Problem (RHP) (V, v = cp) (see be- 
low). It is not difficult to see that, under the above conditions on cp, such a factor- 
ization exists and that the extensions are uniquely given by (p± = exp {±C(log cp)}. 
Suppose that cp G Wy. Let us denote by TZ-y the annulus 



= I z G C : e~ AM < Izl < e A(v 



}■ 



It is then easy to see that (p extends to a function analytic in the interior of TZ-y 
and continuous up to the boundary. Using basic facts from the Gelfand theory of 
commutative Banach algebras one can prove that the spectrum cr(cp) of cp equals 
(p(7Zv), i.e. if (p(z) ^ for z G TZ-y, then (p _1 G Wy. Furthermore, if in addition 
to the assumption that cp G Wy is non-vanishing on IZ-y we impose the condition 
that wind(cp,0) = 0, then log cp G Wy. This follows from the following basic 
fact, see (9j|: Let us denote by GB the group of invertible elements of a commuta- 
tive Banach algebra B and by Go-6 the (connected) component in GB containing 
the identity. Then, GqB coincides with exp ,6. Indeed, write cp(z) = Y.^z a ) z ' 
and introduce the sequence of rational approximations cp' N '(z) = ^,- = _ N cij z\ 
Clearly then cp (N) G Wy, and cp (N) — ) cp in Wy. It follows that, for N sufficiently 
large, cp' N ' is non-vanishing on with wind(cp' N ', 0) = 0. Clearly then, for 
such 1M, 

cp 1 J (z) = c — ' , 

where |aj|, |(3j| < e _A ' v ' for all ) G {1 , N} and c ^ is a constant. From this it 
is easy to see that cp' N ' may be connected to 1 through a continuous path in GWy, 
i.e. (p' N ' G GoWy. On the other hand, clearly 

Acp + -A)cp (N) = cp (N) +A(cp-(p (N) ), AG [0,1], 

connects cp' N ' and (p through a continuous path in GWy if N is chosen sufficiently 
large, and so cp G GoWy = exp Wy. We also mention the well-known fact that if 
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b belongs to a Banach algebra B and f is a function analytic in a domain containing 
u(b), then f (b) £ B. 

Consequently, for cp £ Wy with ip / on 7^,, wmd(cp,0) = 0, we have 

<P+, <P-, cp+\ cpl 1 G Wv. 

We shall need some additional notation. Introduce, for cp as above and n > 0, 
the semi-norms 

(0-8) IMk.n = ^ 'Vklq'kl, 

|k|>TL 

and also write 

(0-9) |||cp||h = max {||cp + || v , ll<P-IL llcp+H-v, H^lk} 

as well as 

(0.10) IIMIk.n = max jllcp+lh.n, ll^P-lkn, 1 1 <^=» T Iku. II tP— 1 Ikn} • 

We will always replace -v by in (10.6b . d0.8t .... in case "V is the standard Wiener 
weight. 

The first result in this paper is a new proof of the following basic theorem, which 
is essentially due to Widom. See [4| for references and further discussion. 

Theorem 0.1. Let^i he a Beurling weight. Suppose that cp £ W 7 , that cp(z) ^ 
for all z £ T^v, arccf ?/iaf wmd((p, 0) = 0. Let cp = cp + cp_ Z?e Wiener-Hopf 
factorization of (p. Then T n (cp) is invertible for sufficiently large n, and there is a 
constant c(cp) (independent ofn) such that 



(O.H) 



TnMjic 1 _ T (<P)jk ^ C ( ( P) ' mindllcplllo.n+i-k, lll<Plllo,n+l-j} 



for < ) , k < n. /« particular, for any Beurling weight with A[v) > 0, 



(0.12) 



Tnicp^k-Ticptf 



< c v (<p) •min{e- (n+1 - k)AM ,e- (n+l -» AM }. 



On the other hand, for Beurling weights which increase on Z + ; "Vj < -v^ for 
< j < k, 



(0.13) 



< c v (cp) min {^ n +!_ k ,^ n + 1H }. 



Remarks. 1 . For symbols cp which are positive on V standard computations show 
that T n (cp) _1 exists for all n > 0. 



2. Of course, d0.12t is true for all Beurling weights, but is only of interest if 
AM > 0. 

This result has many applications. For a recent application to random growth mod- 
els, see flUl . 

The second result concerns the relationship between the asymptotic properties of 
Verblunsky coefficients and the smoothness of the measures d|x on the unit circle. 
The result is the following extension of the T-part of Baxter's theorem (see Section 

EJ. 
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Theorem 0.2. Let y be a Beurling weight and d|J.(z) = w(z) a complex 
measure on the unit circle with the properties w £ W 7 , w(z) 7^ Ofor z £ TZ^, and 
wind(w, 0) = 0. Then, 

(0.14) Y_ ^nl<tn(0)|<OC, 

u>no 

for some tiq = rio(y) sufficiently large. 

As in the case of real weights, <D n = z n + ... is the monic polynomial defined 
by the conditions J r O n (z) z~ k w(z) |dz[ = 0, < k < n — 1. For complex- 
valued weights as above, such polynomials may not exist for all n. However, for u 
sufficiently large such polynomials exist and are unique. There are two ways to see 
this. Firstly, a simple computation shows that polynomials O n exist and are unique 
if the Toeplitz operator (T n _i (w)) 0< j k<n _ 1 is invertible - but as remarked at the 
end of Section|?]below this is true for n sufficiently large. On the other hand, if the 
RHP in Section |5]below has a unique solution Y, then Yn is the desired (unique) 
polynomial. The existence of a unique solution Y for n sufficiently large is proven 
en route in the calculations of Section|5] Of course, in case w > (as in Baxter's 
theorem), the OPUC's O n exist for all n > and we take no = in d0.14t . 

Whereas the results (but not the methods!) mentioned above are basically clas- 
sical, our third result, Theorem 15.31 given in Section |3J is new. It is a further re- 
finement of Baxter's theorem and may be regarded as a result about the Born ap- 
proximation for a scattering problem on Z + . Together with results from Nevai and 
Totik [15], one implication of this result is a strengthening (see Corollary 15 .4t of 
an earlier result of Simon. As it turns out, Simon has now given an independent 
proof of this Corollary (see [ In- 
sertion ^ briefly discusses techniques from the theory of integrable operators 
and RHP's which we will need in the sequel. Sections IzTPfl contain the proof of 
Theorem l0.ll In Section[6]we consider two examples illustrating the sharpness of 
the results in Section |5] Finally, Sectional contains a RH proof of the X-part of a 
basic theorem of Golinskii-Ibragimov related to the Strong Szego Limit Theorem 
(see Theorem 17. 11 et seq.). For a proof of the Strong Szego Limit Theorem based 
on RH techniques, we refer the reader to Q. 



1. Integrable operators and Riemann-Hilbert problems. 

In this section we give a brief introduction to the theory of integrable operators 
and their connection to RHP's. Let L be an oriented contour in C. We say that an 
operator K acting in L 2 (L) = L 2 (L, |dz|) is integrable if it has a kernel of the form 
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for some functions f i, g j , 1 < i, j < N. The action of K in L (I) is given by 

N 

(1.2) (Kh)(z)=i7tJ2f j (z)(H(hg j ))(z), heL 2 (I),zeI, 

where H denotes the Hilbert-transform, 

(1.3) (Hh)(z) = lim — 

e->0 \n 



Hz ' ] -dz', rieL 2 (I),zGl. 

7 ' 



{z'eL:|z-z'|>e} z ' 

In case the contour L is such that the operator H is bounded on L 2 (Z), and if 
ft, gj G L 00 (L) for 1 < i, j < N, then clearly K defines a bounded operator on 
L 2 (L). Particular examples of integrable operators began to appear in the 1960's 
in the context of field theory and statistical models and some of the important ele- 
ments of the general theory of such operators were present in the late 60's in [ 16 1, 
but the full theory of integrable operators as a distinguished class was presented 
only in the early 90's in [ 13 ] (see also Q). 

Integrable operators have many remarkable properties, see fT3l . 171 . In partic- 
ular, if K is an integrable operator with kernel as in dl.lt . with the property that 
(1 — K) _1 exists, and (1 — K) _1 — 1 = R is also a kernel operator, then we learn 
from fT3l . 171 that R is also an integrable operator with kernel 

(1.4) R(z,z')= ^ J , J , z.z'Gl, 

z — z' 

where 

(1.5) F t =(l -Krt, G i =(l-K T )- 1 g i) 1 < i < N. 

Moreover, (see (l3i ) these functions F| and Gt can be computed in terms of 
a canonical auxiliary Riemann-Hilbert matrix factorization problem naturally 
associated with K, as described below. 

We now recall the basic definition of a Riemann-Hilbert matrix factorization 
problem. Let L be an oriented countour in C, as above. As we move along an 
arc in L in the direction of the orientation we say, by convention, that the (+)-side 
(resp. (-)-side) lies to the left (resp. right). The data of a RHP consists of a pair 
(Z,v), where v : L — > Gl(k, C) and v,v _1 G L°°(Z). In case 1 is unbounded 
we demand that v[z) — > I as z — > oo. The (normalized) RHP consists in proving 
existence of a (unique) k x k matrix-function m = m(z), known as the solution of 
the RHP, satisfying 

• m is analytic in C\Z, 

• m+(z) = m_(z) v(z), z G I, 

• m(z) — > I as z — > oo. 

Here m±(z) denotes the limits of m(z') as z' approaches zfrom the (±)-side of L. 
The matrix v is called the jump matrix for the RHP. The precise sense in which the 
limits, m±(z) = lim z /^ z m(z') and lim^oo m(z) = I, are attained is a technical 
matter (see e.g. for details). The latter limit requires special care, in particular, 
when L is unbounded. In all the RHP's that we consider in this paper, we will 
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require in addition that 

• m is continuous up to the boundary of C\L, 
and also 

• m(z) — } I uniformly as z — > oo in C\L. 

The RHP (Z,v) reduces (see e.g. 0) to the study of a singular integral operator 
on L in the following way. Let 

(1.6) v(z) = (v_(z))- 1 (v + (z)), zGl, 

be any pointwise factorization of v(z) with v±(z) G Gl (k, C). In case L is un- 
bounded we again demand v±(z) — > I as z — > oo. Define w± : I — > Gl (k, C) 
through the relations 

(1.7) v±(z) = I±o>±(z), zel. 
Denote the Cauchy operator by 

(1.8) {Ch)[z) = -L 

2m ) L z' 



h{z] dz', h£L 2 (Z),zeC\I, 



and set 

(1.9) (C±h)(z)= lim (Ch)(z'), h € L 2 (I) ,z € I. 

z' ^z 

z' G (±)-side of I 
Standard computations show that 

(1.10) C± = ± I"I H ' 

so that 

(1.11) C+-C_ = 1, C+ + C_ = -H. 

For a given factorization v = (I — tu_) _1 (I + cu+), define the operator 

(1.12) O = C+ (hcu_) + C_ (Hcu+) , 

for k x k matrix- valued functions h. in L 2 (L). Let |x G I + L 2 (1) be the solution 
of the singular integral equation 

(1-13) (1- C„,) (i = I. 

Remark. For later purposes note that if Z is bounded, then I G L 2 (l), and hence 
LtGL 2 (I). 
Set 

(1.14) m(z) = I + C(^(cu + + cu_)) (z), z G C\I. 



A basic computation using dl.l U and d 1 . 1 31) . then shows that 
(1.15) Tn±(z) = (iv±, z G I. 

Therefore, m + = m_ vZ 1 v + = m_ v. Clearly, m is analytic in C\L and 
m(z) — > I as z — > oo, so that, modulo technicalities, m solves the RHP. 
Conversely, one verifies that if m solves the RHP, then |i = m+vl 1 = m-vZ 1 
solves Jl. 13b - Thus, the existence (and uniqueness) of the solution of the RHP is 
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equivalent to the existence (and uniqueness) of a solution \i G I + L 2 (I) of the 
singular integral equation (I1.13t for any (and hence all) pointwise factorization(s) 

v = u-tu-r 1 (i + cu+). 

We now return to our discussion of integrable operators. Suppose K is an inte- 
grate operator with kernel as in (fTTT) . and that ( 1 -K) - 1 exists with (1 — K) 1 — 1 = 
R also a kernel operator. The remarkable fact proven in llT3l . Q is the following: 
the functions Ft, Gt in the kernel il.4l of the operator R can be computed as 

(1.16) F = (F 1) ...,F N ) T = (l T i 7 tf T g) _1 m±f ) 

(1.17) G = (G 1) ...,G N ) T = (l ±i7tf T g) _1 (m T )^ 1 g, 
where m is the solution of the RHP (X, v) with 

(1-18) ^-(iT^VV- 

2. Truncated Toeplitz operators as integrable operators. 

From now on we will assume T = {z G C : |z| = 1 } to be oriented counterclock- 
wise. A direct calculation shows that for any polynomial p = Y.y=o a j z ' e ^n> 



(2.1) (T n p)(z) = ((1-K n )p)(z)=p(z) 



K^z.z'Mz'jdz', 



where K n = K n (cp) : L [V] — ) L 2 (F) is the operator with kernel 



(2.2) 



K n (z,z') 



z tx+1 (z / r (n+1) 



1 1-<p(z') 



z — z' 2m 
Clearly, is an integrable operator on L 2 (F) of form i ll . 11 ). where 

(2.3) 
(2.4) 



f = (fl,f2) T =U n+ \l 



g = lgi,92J 



-l)1-<p(z) 1-(p(z)\ T 



2m 



2m 



Since f T g =0 the formulas (I1.16I) . ( 11.171 and dl.l8t for the functions F^, Gj 
appearing in the kernel dl.4t of R n = ( 1 — K n ) - — 1 simplify to 



(2.5) F = m+ f , G 

where m solves the RHP (F,v) with 



(2.6) 



r TL+1, 



9> 



cp-r 



cp-r 



2-cp 
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j=0 



Clearly, 



and so (whenever T n is invertible) identity (I2.lt implies: for < I, k < n 

n 

27t5 l)k = (z\z k ) = V" cp^tfO-KnrV.z*) 

V /L 2 (r,|dz|) ^— V /L 2 (r,|dz|) 

j=0 



Hence, 

(2.7) (T n ((p))^ = 6 j>k +i- ( R n(<p)zVj , 0<j,k<n. 

This identity is basic for our proof of Theorem 10.11 The invertibility of T n , for 
large n, will be discussed below (see the end of Section @}. 

In order to make the forthcoming ideas transparent, let us first assume that (p 
is analytic in some annular domain {p < |z| < p -1 }, < p < 1. The basic 
observation is that the lower/upper factorization of v, which always exists: 

(2.8) V- U-(n +1)(1 -,M cp-lJU 1 



can then be analytically extended to the annulus. 
Let p < p' 1 ' < 1. Define the function m' 1 ' by 



(2.9) 




(2.10) 


m™(z 


(2.11) 




(2.12) 





m(z), |z| < p (1) , 



m(z)(: - ' ) , p'^izki, 



1 -z n+1 (l -cp" 1 ) 
1 

m W( z - ( Tvfi) ( 1 1 _ ( p-i ) i), i<M<(P m r\ 



m z , z > 



Then m (1) solves the RHP (r (1) ,v (1) ), where = {|z| = p (1) } U {|z| = 1} U 
||z| = (p' 1 ') 1 1, oriented counterclockwise on each circle, and 

<2.3) v<»w = (J - n+, n-^-')), W = p( .), 



(2,4, v«>» w =(j ;_,) 



-II , W — 

(2-i5) v( l )( Z ) = ( z _ (lx+1)( 1 1 _ (p _ 1) f), w = (p (1) r 1 . 
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As tl gets large, the solution m' 1 ' of the RHP (F' 1 ',^ 1 ') should (in some sense) 
be close to the solution m^} of the RHP ( T^\vto ), where 



(2.16) v£(z 
(2-17) v^(z) = (; °_^ t |z| = 1, 

(2-18) vg\z) = l, \z\ = (p^)-\ 



Standard computations show that the solution of ( I2.16t -( l2.18t is given by 
(2-19) mg ] = exp{C(log(cp))}°\ 

where 03 = (^q ^| 1 denotes the third Pauli matrix. 

Hence we expect that m is close (in some sense) to moo , where 

(2.20) m O0 (z)=m&Hz), \z\ < p (1) , 

(2.21) m o0 (z)=TngHz)(l -^O-^A p (D < | z | <1) 

(2.22) m 00 (z)=m^U)( z - (n+ i) ( 1 1 _ (p -i ) °) > 1 < N < (p (1) ) _1 , 



(2.23) m 00 (z)=m^W, |z|>(p (li -' 
Finally, let us define 

y-2 p 00 (2,) G°° fzM 

(2.24) R ~ (( p; Z)Z ') = ^U J , Z)Z ' E r, 

z — z' 

where 

(2.25) F°°(z) =m 00;+ (z)f(z), G°°(z) = (ml >+ ) _1 (z) g(z), z £ V, 
and also write 

(2.26) (T- (cp))^ = 6,, k + ^ (R~ (<p) z k , zi) ^ . 



We emphasize that we use the left-hand side of (I2.26t only as a formal symbol for 
the quantity on the right-hand side. By the above consideration, we expect 

(2-27) [TM)£~<JZ 

Although in this section we have assumed analyticity of cp in order to motivate 
our calculations, note the following: even in case that cp is not analytic in an an- 

nulus we still define moo,+(z) = m^,' + (z) ^\ Z ^ ^ ^\ z € T, and 

also F°° , G°° , R£ and (T~ in the same way. Under the only assumption that cp 
belongs to W v we still expect (12.271) to be true. 
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Remark. In case cp is analytic in an annulus, moo ,+ is the boundary value on V 
of a piecewise analytic function moo which solves a RHP. In general, for cp 6 Wy, 
this is no longer true. 
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3. Explicit computation of (T£°((p))~,! for cp in Wy 



Solving (I2.16t - d2.18t for mjx,' and using definition (12.24b and the Wiener-Hopf 
factorization cp = cp + cp_, we obtain 



(3.1) R~((p;z,z') 



1 1 



1 



2m fz') n+1 z-z' 



( z >)u+1 y + UO _ z n+l <P-( Z ') 



(P+lzj 



cp_(zj 



+ z 



TT+1 



1 



,/\n+1 



1 



<P-(z)<P+( z ') 



cp+( z )<P-( z ' 



In order to evaluate the right-hand side of (I2.26t further, it is convenient to assume 
again that cp is analytic in an annulus {p < |z| < p -1 }, < p < 1. Clearly then 
cp± are also analytic in the same annulus. We will later remove this analyticity 
assumption (see below). Writing T e = {z e C : |z| = 1 — e}, e > sufficiently 
small, and using Cauchy's theorem as well as the elementary identity 



1 



1 ~ / Z 'N™ 



z — z 



' 7^(7 



z 1 — \ z 

m=0 



zer,z'e r e , 



we then obtain for < j , k < n 
1 



2tt 



= lim — 

L 2 (r,|dz|) ej.o In 



R-(z,z')(z') k dz')z-^ 



I * p — 



(2m) 2 ej.o 



m=0 



,/-ik+m 



r -(j+2+m) 



1 



-dz 



,/-ik— n— 1+m 



cp_(z')dz' 



r -(j+2+m-TV-1)_ 



cp_(zj 



-dz 



+ 



, / \Tc — tv— 1+m 



1 



cp+[z' 



-dz' 



-U+2+m-n-l) 



(p_tzj 



-dz 



r /-ik+m 



cp_(z' 



-dz'- 



r -(j+2+m)_ 



1 



-dz 



L 

m=0 



-1 



j + 1+TTV 



(P+lzj 
(V-) n -k-m(<P- 



)— Tv+m 



+ 

= 0- 



tv— k— m 



<P- 



T(cp_)T(cp-' 



j— tv+ttv 



tv— k,u— j 



<P- 



-k-1-m 



<P + . 



+ L 



TtV=i+k— TV 



<P- 



j+l+m 
cpl 1 



i-m 



m— k 



-1 



,-1 



j-m 



m— k 
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Since [T (cp_) T (<P- )] n _ kn . 

. = 6j k we obtain upon insertion into H.261 : 



m=j+k— n 



j-m 



V- 



m— k 



L 



j-m 



<P- 



m— k 



(3.2) 



T cpT 1 T cpl 



),k 



-1 



j+m 



-(m+k) 



m.=n+1 — j— k 

As we shall now see, the basic identity ( 13.21 ) remains valid if we only assume that 
cp G W-v, i.e. without the restriction that cp be analytic in an annular neighborhood 
of the unit circle. To see this, let us write cp = e w , where w(z) = Y-^oo w i z '> z e 
r. Put cp( N > = e w ' N) , where w( N '(z) = L N N Wjz', z G T. Thenw,w (N ' G W v . 
Observe that 

±1 



(3.3) 



lim 

N— >oo 



.<P±, 



\±1 



(N 



l°° (r) 



0. 



For instance, writing w + (z) = ^T^ Wj z' and wY NJ (z) = w j z '> we nave 



(N) 



e WN - 1 
and since 



v-oo 
2_N+1 




1 d 




o dt 



,tWN 



rl 



W N 



e tw N dt 



,WN 



< Wn max 
0<t<l 



,tWN 



|w N lzJ 



N+l 



oo 

< in- 

N+l 



)l ) 



z g n 



the statement (I3.3t clearly follows in this case from the fact that w G W v . The 
other cases are almost identical. Since cp' N ' is obviously analytic in C\{0} the 
identity (I3.2t is valid with cp replaced by cp' N '. We shall now see that each term 
converges as N — > oo to the same term with cp. Firstly, 

-1 



(3.4) 



lim (T~(cp fN) 

N— >oo 



),k 



(T^(cp)). 



5,k 



To see why, note from formula (13.11) that the operator R^((p) consists of four 
parts, all being of the form i|>j Hxj, j = 1 , .-,4. Here i[>i, Xj : l- 2 (r) — > L 2 (F), 
1 < i, j < 4, are operators of multiplication. For instance (ignoring a factor 2), 
4>1 is multiplication by cp^ 1 and xi is multiplication by cp + . Using (I3.3t and L 2 - 
boundedness of H one therefore sees that 



lim 

N— >oo 



R^(cp) 



N 



L 2 ^L 2 



o, 



so that (13.41) follows from (I2.26t . Secondly, that 



lim 

N— >oo . 



T (cp 



:n],-i 



t((«£V 



j,k 



TfcpT^TfcpI 1 



j,k 
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lim 

N— >oo 



Y_ 1 I H } 

m=n+1— j— k 

oo 

m=n+1 — j— k 



(N)-,-1 



< 



follows similarly from (13.31) and the basic estimates 

Finally, we have 
(3.5) 



1<P± 



N)\— 1 









) (>L N) ) 


-(m+k) J 







-1 



j+m 



-(m+k) 



To see why, first note that by a computation almost identical to that giving the 
inequality (14.11) below, we immediately obtain 



m=n+1 — j— k 



L 

tti=ti+1— j— k 



< 



j+m 
(Nh-1 



(m+k) 



+ 



-(m+k) 
(NK-| 



On the other hand, with w_(z) = Y.^L> w i z ' anc ^ w^'U) = w j z '> we § et 



Up ± - ((f4 J ) 



,-w± _ e -w ± 



L 

keN 
keN 



k! 



k! 



lr / (N)\ 

W± — Wj. I 



N),k 



k-1 



j=0 



< W-t — w 



:n) 
± 



^rjkHwi 



i-v — k! 

kGN 



I k-1 

l-v 



W+J 



(Nl 



W+ — W ± 



exp (||w±| 



since | • || v is submultiplicative and 



< ||w±|| v . Obviously w^ 1 ' — > w+ 



in Wy as N — > oo, which completes the proof of (I3.5I) . 

From now on all assumptions of analyticity will be dropped, and from this section 
we shall only keep the basic fact that identity (13.21) is valid for all cp £ W 7 . 
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4. Estimates of the remainder. 

In this section we shall provide the necessary estimates of the remainder. As- 
sume that cp G Wy, cp / on TZ-y and wind((p, 0) = 0. Then <p± £ Wy and 
(Pi 1 G Wy. Clearly, for < j , k < n, we have 



< 



L IK). 



, m > n + 1 — j — k. 



l=n+1-k 



We can therefore estimate the "error term" in (I3.2t as follows; for < j, k < n 



(4.1) 



m=n+1— j— k 



-1 



j+m 



V- 



(m+k) 



< 



L 



< i > n<p. 

\l=n+1— k 



i=n+1_j 



<P- 



< HMHo •min{|||(p|||o ) n+l-k,lll<p|llo,u+1-i}. 



The main part of the proof of Theorem 10. 11 namely that of inequality dO.l II ). is 
complete once we prove that the estimate: 



(4.2) 



L2(D 



R~ z\ z ] 



< C(cp) • |||(p||| ,n+1 



is valid for < j, k < n, with c(cp) independent of n (for n sufficiently large). 
First note that (see (12.51) ) 



RnzV 



L 2 (n 



FT(2)G|2 ''izr 2 -Mz' d2 



rxr z-z' 



iz 



lim 

ej.0 



7T 



7T 



17T 



F T (z)G(z-) (z y z _ )dz ,dz 
{(z,z')erxr : |z-z'|>e} z — z iz 

G(z')(z') k dz'^ 



F'fzlz 



-0+1) 



lim 

eiO 



dz 



|z— z'|>e 



Z — Z' t7t 



F T (z)z- (j+1) H ( Gfo)o K ) fzldz 



H(G T (o)o k ) (z)F(z)z> — 
p V / iz 



dz 



in H Gfo)o K ,Ffo)o 



L2(D 
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Therefore (see (12.25b "). 



/L 2 (r) V 11 ^L 2 (r) 



in [H \G{o) o k J , F(o) o ] J ^ - ire (H (^G 00 (o) o k J , F°° (o) o j y ^ , _ 

<c- ^||G - G°°|| L 2 {r) • ||F|| L 2 (r) + ||G°°|| L 2( r ) • ||F- F°°|| L 2 (r ) 

by L 2 -boundedness of H. 
We shall now prove that 

(4.3) ||G-G°°|| L2(r)) ||F-F°°|| L 2 [n <c(<p)-|||<p||| 0l n+i, 

(4-4) ||F|| L 2 (n , ||G°°|| L 2 {n <c((p), 

with c((p) independent of n (for n sufficiently large). For this we need the follow- 
ing elementary lemma: 

Lemma 4.1. For n > and f G W v , 

(4.5) 

OO 00 

||C+(z- n f)|| L 2 (r) < \/2^£jf k |, ||C_(z n f)|| L 2 {r) < V2n Y_ If-icl- 

k=n k=n+1 

Proof. We shall prove only the first bound, since the other is almost identical. 
It is easy to verify (and we have already used several times without notice) the fact 
that C + agrees with the Riesz projection P + : L 2 (F) — > H + on L 2 (F). Thus, 

OO OO 

c + (z- n f) (z) = y_ ^ w zk = L fk +- zk - 

k=0 k=0 

so by Parseval 

OO / OO \ 

||C+ (z- n f) |fe (n = £ |f k | 2 < Vz^t ^ |f k | . 

k— TL \k— TL / 

□ 

The estimates (I4.3t follow from the inequality 

(4-6) l|TTL + -m 00)+ || L 2 (r) < c(cp) • |||(p||lo,n+i, 

with c(cp) independent of n (for n sufficiently large), which we shall now prove. 
In view of ( 12.81) it is natural to put 

5 = exp{C(logcp)}, 6± =exp{C±(log(p)}, 

and 

where again °"3 = f q ^ j denotes the third Pauli matrix. Note that 6 + = cp + 



and 5_ = cp_ 1 . Then, 



Mi = M_v M , 
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where v = 5_ 3 v 6 + 3 . A computation gives that 



where 
(4.7) 

cu M = 



v M =fv M r 1 v , y i = (i-cu M 



M 



-1 



1 + cu 



M 

+ I ' 







-z n+1 (1 - cp- 1 ) 6^ 




We know that 



(1-^)^ = 1, ^eLT) 



M r- T 2r 



where 
(4.8) 
Hence, 

(4.9) m± = M± 8l 3 = ^ M v^ 1 S£ 3 , 

with (x M given as the solution of the singular integral equation (14. 81) . Also, 



(4.10) m 00 , + (z)=m^ ) i+ (z 



6? 



1 -z n+1 (l-cp- r 







1 



1 -z^ +1 (l-cp- r 







1 



for z G T. Combining (14.91) and (14.101) we see that 

(4.11) m + -m 00)+ =f L t M -I N ) vfbl 3 . 



On the other hand, 
(4.12) I = (1 -C t 

By Lemma l4~Tl 



C^m I = (1 - C^m (C+ w M + C cu™) 



M 



L2(D 



C+ (z-^+^cp- 1 5~ 2 



L2(D 



<V2tt £; |(5- 1 5l 1 ) k | 



k=n+1 



(4.13) <V2^£j(6I 1 )_il- £ l(6^)il<v^HMIIo-|IMIIo,n+i. 



1=0 



l=n+1 



Similarly, 
(4.14) 
Furthermore, clearly 
(4.15) 



C cu 



M 



L2(D 



< \/27r|||(p|||o • IIMIIo,n+2- 



l°° (r) 



<4|||(p||| . 
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Combining fl4.llt - d4.15t we see that the proof of inequality (14.61) is complete once 
we show that (1 — C^m exists for n sufficiently large, and that 



(4.16) 



1-C, 



L2(D->L 2 (D 



< C((p), 



for n sufficiently large, with c(cp) independent of n. One sees that existence of 
(1 — C 2 M ) 1 implies existence of (1 — C^m )~ 1 and that 



-i 



(4.17) (i-c^m)-' = {i + c w m) 

whenever both inverses exists. But it is not difficult to see that 



(4.18) 



lim 

n— >oo 



r 2 



L 2 (r)-)L J (n 



o. 



To see this, introduce the abbreviations a = (1 — cp ) S_ , a n (z) = az 



'1 



- 1 ) 5T 2 and(3 n U) 



b z n+1 . A direct computation gives that 



C + (an.C_(0 n h.ii)) C_(p u C + (otahi2)) 



,fl 



h-21 H22 



C + (a n C_((3 n rL 2 i)) C On C+ (ot u h-22)), 
Consider C + (a n C_ ((3 n h.n)), say. Obviously, 

IIC+ (ctn.C- On rtn))|| L 2(r) — «n C-|| L 2(r)_>L 2 (r) IIPtiIIloo (d ll^-iill^fr) • 
But clearly 

(4.19) n Km ||C + a n C_|| L2(rHL2(r) = 0. 

To see this, let e > 0. For N sufficiently large 

k 



a- Y_ a i<- 

|k|<N 



< e. 



l°° (r) 



Put a(z) = L|k|<N a k zk Then > 
||C + a n C_|| L 2^ L 2 < 
< C + (a-H)z- (n+1) C_ 



+ 



L 2 ^L2 

< !|C+i| L 2^ L 2 ||a-a|| L oo ||C_|| L 2^ L 2 + 



C+ az 



-(n+1) 



c 



C+ ^ a k : 

|k|<N 



n-k+1 1 



< 



I_2->I_2 



Clearly the first term is e-small, whereas the second is zero for n > N — 2. This 
verifies ( 14. 191 ) and therefore fl4.18t . Using A4.17I ). fl4.18t we immediately obtain 



1 - C^M, 



< M + llo) 



Mi 



1 



1 



\c 



<c(<p) 



for n sufficiently large, with c(cp) independent of u. This proves fl4.16t . The 
estimate (I4.4t follows similarly from the above estimates. This completes the proof 
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of inequality dO. 1 1 It . Inequalities (10.12b and (10.13b follows directly from iO. Ill) and 
the computations (with m = n + 1 — k and m = n + 1 —)) 

ll|(p||lom < max I,, }, ; lyil < m- IIMII-v, 

Ye{(p+,tp_,tp + ',<p_ '} | l | >m e e 

and in case "V increases on Z + , 

ll|(p|||o,m< max _ ^~ — lYil < — Ulcpllk. 

Ye{cp + ,cp_,cp + ' ,cp_ 1 } ^ >m ^ m 7 ™ 

We conclude by noting that the above considerations imply the existence of T^ 1 
for n sufficiently large. Indeed, from the equivalence of solvability of RHP's 
and singular integral equations discussed in Section ^ it follows from the ex- 
istence of (1 — C^m) -1 that also (1 — Co,) -1 exists for any factorization v = 
(I — u)-)~ (I + cu+) (with v as in (12.6b ). So, by the basic relation between the 
integrable operator K n (as in ( 12.21 )) and the operator C w used together with the 
commutation formula in [7 1 to associate R n to a RHP, it follows that (1 — K n ) _1 
exists for n sufficiently large. Since (according to (I2.lt ) the operators T n and 1 — K n 
agree on V n , the statement follows. Our proof of Theorem lO.ll is complete. 
□ 



5. Another look at Baxter's theorem 
The following theorem is due to Baxter. 

Theorem 5.1. Let d(x be a non-trivial probability measure on the unit circle and 
"V be a strong Beurling weight. Then, 

(5.1) Y ctuz" £ W 7 ^ dn(z) = w(z) £ W 7 ,minw(z) > 0. 
L — Z7t zer 

nez+ 

A key element in the proof of inequality (14.61) lies in the fact that C 2 M (see 
(11.12b . (14.71) ) is a bounded operator in L 2 (P, |dz|) whose norm is small when n is 
large. The same is true for C^ M as a (bounded) operator in Wy. As we will see, 
this observation leads to a proof of Theorem l0.2l and thus a new proof of the reverse 
statement in Baxter's theorem. 

Proof of Theorem W3\ Of course, the monic polynomials and hence the Verblun- 
sky coefficients do not change if we multiply the weight by a constant: hence we 
can (and will) assume from the beginning that 

(5.2) (logw) = 0, 

without any loss of generality. This will simplify some of the expressions below. 

As observed in [7] the RHP (V, v), with v as in (12.61) (considered in Section 0, 
is equivalent (modulo interchanging n <-) n + 1 ) to another RHP, namely 
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• Y + (z)=Y_(z)(J W/ f). zeV, 

• Y(z) -> I as z -> oo. 

We shall use the following basic fact: The (l,l)-entry of the (unique) solution 
of this RHP equals the n'th monic OPUC, Yn = ® n . This RHP, introduced in 
is the OPUC analog of the celebrated RHP of Fokas, Its, and Kitaev OH for 
polynomials orthogonal with respect to a weight on the line. 

Introduce the successive transformations 

Y(z) ,|z|<l, 

(5.4) Y 2 [z) = { Yl(z) (l ~o) ' |Z|<1 ' 

. Y(z) ,|z|>1, 

and, with 

(5.5) 6 = exp{C(logw)}, 8± = exp{C±(log w)} G W 7| 
set 

(5.6) Y 3 = Y 2 6- ff3 . 
One then easily verifies that (recall i5.2t ) 

(5-7) O n (0) =-(Y 3 ) 12 (0), 

where Y3 satisfies a normalized RHP [T, V3) with jump-matrix 

(5.8) v 3 = (I-cu_)- 1 (I + cu+) 

and 
(5.9) 

, 0\ /0 -z n r-\z)\ t _ 1H ... 



By the general theory (recall (11.141) ). 

(5.10) Y 3 (z) = I + C(Li(cu+ + cu_))(z), zeC\r, 
where 

(5.11) (}-C w )yi = I, ^L 2 (D. 
It follows from dSTTt . d5T9b and dSTlOTl that 

(5.12) <D n (0) = cU u z n T^) (0). 



Let us put |j/ n ' = 1 , where we have explicitly indicated the dependence on n in 
order to avoid confusion in the following. It remains to prove that 

(5.13) Y_ y * |c^ (n) z n r- 1 ) (0)| < 00. 

n>no 
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From the first row of (I5.11t : 

(5.14) (mmu) = (i,o) + (c+(m 2 z- n r) ,c. 



mi 



-z r 



Inserting the equation for (j.12 into the equation for 1 implies the following equa- 
tion for \L( n > alone: 



(5.15) 

Clearly, 

(5.16) 



1-C, 



c 



l>0 



(n)r 



and we shall write r(z) = ^ZkL-oo ti c z k and r 1 (z) = 



It 



follows from (15.151) that 



(5.17) 



(n) 



)m r l-p-m M-p 1 > I > 0. 



K "' = &i,o + X ^ r 

p>0,p+m+n<0 

Let us denote by the subalgebra of Wy consisting of functions whose 



negative/non-negative Fourier-coefficients are and also write 



|P± 



where P± denotes the L 2 -orthogonal projection onto H±. Define (A' n 'f) l , for 
n, I > and f G W+, by 



(5.18) 



A (n) f 



Z c- 

p>0,p+m+n<0 



) m p— m f p • 



With this notation equation d5.15t takes the form 
(5.19) n) = 1 +A (n) n) . 

Equation ( I5.19t is due essentially to Geronimo and Case (see 1121 . equations (V.9), 
(V.10)) and plays an important role in what follows. The operator A' n ' in equation 
d5.19t also appears in [12] in a Fredholm determinant formula for the Toeplitz 
determinant detT n (w) (see equation (VH.28)). This formula was rediscovered by 
Borodin and Okounkov in |2| and plays an important role in a variety of problems 
in algebraic combinatorics (see e.g. [3]). The operator A^ is often called the 
Borodin-Okounkov operator. 

It is not difficult to establish the following. 

Lemma 5.2. Let y be a Beurling weight and suppose r £ Wy. Then A' n ' is a 
bounded operator on W+. Moreover, l|A' n '|| w +^ w + — > 0, as n — ) 00. 

Proof. By submultiplicativity y\ < y\- v - m y v y m , an d therefore 



Z -' 

V>0,p+m.+n<0 



T J m r l— p— m f p 



IIA (n) f|k + =^y x 

l>0 

<IMU ( Y. 'Vml(T- 1 ) m |) llfl 
\m<— n / 



-v+ • 
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which since r -1 S Wy proves the claim. 
□ 

It follows from (I5.19t and Lemma I5T21 that for n sufficiently large, say n > no, 
equation (I5.15t is uniquely solvable and that 

(5.20) ll£ (n) lk,<c||1|k<c v , 



with a constant c v independent of n. We shall need a slightly stronger version of 
the latter; for no sufficiently large 

(5.21) £-vx sup |^ n) |<c v . 

i>o 



To see why this is so, first note from (15.171) that for n > no 

(5.22) lS n) |<5 li0 + Kr-^JlTVp-JI^I, I > 0. 

p>0,p+m+no <0 

As in the proof of Lemma l5~2l we see, that for t\q sufficiently large, the equation 

(5.23) Sl = 5 l)0 + Y_ l( r_1 )ml ln_ p _ m | s p 

p>0,p+m+no <0 

can be (uniquely) solved for s(z) = Hi>oSiz l e W+. ^ suffices to pick no so 
large that the operator K : W+ — > W+ given by 

(Kf)i= X Kr- 1 ) m ||n_p_ m |fp, l>0. 

p>0,p+m+no <o 

has norm less than 1; this is always possible, as in the proof of Lemma IB~2l In the 



same way that we obtained ( I5.20t we see that 
(5.24) ||s|| v < c-y. 



To prove (15.211) it is therefore enough to show that 
(5.25) sup |£[ n) | < si, I > 0. 

TL>Tlo 

Denote by y' n ' G W+ the element with Fourier coefficients y[ n ' = |, I > 0. 
Then we see from (15.221) that 

y (n) + £ (n) = -| + ]<y (n) ) 



where e ln) G Wy has only non-negative Fourier coefficients. That is, by (15.231) . 

oo 

y (n) = (1 - K)- 1 (l - e (n) ) = s - Y_ Kj e<n) 

3=0 



which, since K has non-negative kernel, proves ( 15.25 1) . 
Now 



(5.26) C(|I ln) z n r- 1 ) (0) 



JlW(z)z-r- 1 (z)-^- = Y_ v[ n) (r-Vn-i, 



2mz 

l>0 
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and we see that to prove (I5.13I) . it suffices to show that 
(5.27) Y_ Z T -I^ n) l K r_1 )-n-ll < oo. 

n>no l>0 



But, by (15.25b . ( 15.24b and the evenness of v, 

n>no l>0 TL>no l>0 

This completes our proof of dO. 14t . and in particular that the RHS of (I5.lt => LHS 
of (15.11) in Baxter's theorem. 

□ 

Let us now assume that the Beurling weight y is increasing on Z+. Observe first 
that by (I5.12I) . (I5.17t and (I5.26t we have 



(5.28) 



fn(0) 



v>o 



(r^-n-i- 



By definition dSTlSl of A (n) and d5~25l OU, we have 



n>no 
n>no 



-n-l 



l>0 



(T Vn-p-mtf (r Vn-l 



L 

p>0,p+m+n<0 

< X. X. ' v n+l-Vm^m-p+lKT _1 )_ m ||r l _p +m ||(r _1 )_ rL _ l |s T 

n>no l>0 p>0 m>n+p 



< c||r||^+ | |t 



-i \\2 



It should be noted that (by first extending the domains of summation) the above 
sums were carried out by first summing over n, then over I, and finally over m and 
p. This means, by (15.28b . that 



(5.29) 



L 

n>no 



1>n(0) 



„-1' 



< OO. 



It is customary to introduce the Szego function, 



D(z) =exp( — 



1 t 2n e iB 4- z 

io gw (e ie )- T7 ^-de ) , zec\r. 







e ie — z 



Note that D(z) and 6(z) are in general proportional, and that in case (logw)o = 
(see above) they are equal. Following Simon we also introduce the function 

oo 

S(z) =~Y «n-1 Z n , 



n=l 



where a n _i = — O n (0) for n > no and a n _i = for n < no- We shall use 
the notation Di resp. D e for the restriction of D to the interior resp. exterior of 
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the unit circle, as well as for the analytical continuations of these functions across 
the unit circle, should they exist. Now, (r _1 )_ n = ((r _1 ) n ) and f _1 = D^D e . 
Also, if w is positive, then D e (z) = 1 /DJI /z), |z| > 1 . Equation ( 15.291 ) therefore 
implies the following result. 

Theorem 5.3. Let "v be a Beurling weight which increases on Z + and d|J.(z) = 
w(z) |dz| be a measure on the unit circle. Suppose that w G W v , w/Oon IZ-y, 
wind(w, 0) = 0. Then, 

(5.30) DtD e - SGW+. 
In particular, for w positive, we obtain 

(5.31) Pi_ Se w+. 

This theorem should be viewed as a refinement of the reverse implication in 
Baxter's theorem: not only is S G Wy, but S = D^D e up to three orders of 
smoothness. Alternatively, from a physical point of view we can regard D|D e 
as the principal object of study: indeed for real weights, r = f _1 = ^ is the 
reflection coefficient for the system at hand and S is the leading Born approxima- 
tion (see [ 18 1, [ 19 1). Thus, A5.3U is an estimate of how the Born approximation 
deviates from r. 

It is a well-known theorem of Nevai and Totik (O) that for real d\i, 
limsup n ^ 00 |a n [ 1 / n = R _1 < 1 if and only if d\i obeys the Szego condition, 
d|J. s = and Dr 1 has an analytic extension to {z G C : |z| < R}. Theorem 15.31 
therefore has the following corollary. 

Corollary 5.4. Let d\x be a positive measure on V. Suppose that 

(5.32) limsup|a n | 1/n = R" 1 < 1, 

n— >oo 

so that D^ 1 and S are analytic in {z G C : |z| < R}. Then, for some 6 > 0, the 
function Di( = )/Dt(z) — S(z) is analytic in {z G C : 1 — 6 < |z| < R 3 }. 

Proof. It follows from the result of Nevai and Totik that ^ = is analytic, and 
in particular that w cannot vanish, in the set {z G C : 1 /R < |z| < R}. In addition, 
as w > on T, wind(w, 0) = 0. We may then, for any e > 0, apply Theorem 
l5.3l to the Beurling weig ht defined by v n = (R (1 - e)) |n| for neZ. This proves 
analyticity in {1 < |z| < R 3 }. The analyticity in {1 — 5 < |z| < R 3 } follows from 
the fact that Dt is meromorphic in |z| < R, but has no poles on V. 
□ 

In [17] Simon proved Corollary 15.41 with R 3 replaced by R 2 , see Theorem 7.2.1. 
Motivated by Corollary 15 .4l above. Simon [ 19 ] has now given an independent proof 
of the result. 
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6. Some examples 

We thank Barry Simon for drawing our attention to the following examples from 
lUTl . which illustrate the sharpness of Corollary I5.4l (see also [ 19 1). 
Example 1 (Single nontrivial moment). Consider the weight w(e 10 ) = 1 — acos 9, 
< a < 1 , having a single nontrivial moment. Introduce the auxiliary parameters 



(6.1) \i± = cT 1 ± V a- 2 - 1 . 

Note that \i + |i_ = 1 , < |i_ < 1 . By computation one finds that 



(6-2) Di[z)= (]- — 

V 2 V 

and so Dr 1 has a simple pole at z = \x + . Also, 

on M-+ - M— , \ -n-2 f-, -(2tl+4) 

(6.3) «n = = ~(M+ - ^+ (1 " ^+ 

oo 

}=1 

so that S has simple poles at Zj = |^+ \ ) € N. The statement in Corollary I5.4I is 
easily verified by noting that Res(Dt(l/z)/D|(z),z = = Res(S,z = \x + ) = 

Example 2 (Rogers-Szego polynomials). Let < q < 1 and consider the weight 
with Verblunsky coefficients 

(6.4) cx n = (-l) n q (n+1)/2 , n>0. 
Then, 

(6.5) D i (z) =n~ (l -q^ 1 ) 1 / 2 !! +q' +1 / 2 z) 

so that Dr 1 has simple poles at Zj = — q~' _1 / 2 , j > 0. On the other hand, 

oo -|y2 

(6.6) S{z)=-V_ (-1 ) n q n/2 z n = - rj ' 

^ l+qV2 z 

has a simple pole at z = — q -1 / 2 . The statement in Corollary 15 .41 follows from 

Res(D i (l/z)/D i (z),z = -q~ 1/2 ) = Res(S,z = -q~ 1/2 ) = q~ 1/2 



7. The inverse statement in a theorem of Golinskii-Ibragimov 

Let us denote by H 1 / 2 the Sobolev space of functions f G L 2 (F) with 
Liez l l l Ifil 2 < °°' equipped with the norm ||f|| 1/2 = (HiezH + l l D l f il 2 ) 1/2 
Let H^ 2 denote the class of real-valued functions in H 1 / 2 . The following theo- 
rem is implied by the Ibragimov/Golinskii-Ibragimov version of the Strong Szego 
Limit Theorem [ 17 1. 
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Theorem 7.1. Let d|x be a non-trivial probability on the unit circle. Then, 
(7.1) ^ n |a n | 2 < oo <4 d|x = w ancf log w £ H^ 2 . 



+ 



Just as Riemann-Hilbert techniques provide a direct proof of the T-part of Bax- 
ter's theorem, they can also be used to proof that the RHS of (I7.lt => LHS of (I7.lt . 
This is the goal of this section. 

We will need the following proposition (see ifTTIl . Prop. 6.2.6). 
Proposition 7.2. For f £ W R /2 , let 

(7.2) 1(f) = -^f kZ k + ^f k z k 

k>0 lc<0 

and 

(7.3) B(f)=exp(I(f)). 
Then B maps H^ 2 continuously into H 1 / 2 . 

It follows immediately from the above that if log w £ H^ 2 , then t = ^ = 

B(log w) £ H 1 / 2 . Next observe that for real measures d]i, f m = r_ m , and hence 
(I5.18t takes the form 

(7.4) (A^f) v = L ( L r ^+m^^ J fp, 1- > 0- 

p>0 \m>n / 

Previously we regarded A' n ' as an operator in W 7 . However, A' n ' can also be 
regarded as a trace class (and in particular bounded), positive, self-adjoint operator 
on I 2 = l 2 (Z + ) = H+. Indeed, A (n) has the form Rxn R* where R is the Hilbert- 
Schmidt operator on I 2 with kernel R^j = V\ + j, i, ) > 0, 

(7.5) ll R Hx 2( ii) = L ' r ^l 2 = L^ 1 +i ) ^ ^ H r lli/2 

t,j>0 i>0 

and Xn denotes multiplication by the characteristic function of the set {m > n}. It 
follows that A' n ' is trace class in li with 



(7.6) HA^I^a <\\A^% m =Y_ £ ln+J 2 < £(1+m)|r 



2 

ml • 



V>0 m>n 



From (I5T21 . (15^61) 

(V.7) « n _! = -O^(0) = - Y_ ^ T n+l- 

l>0 

Here jx^ = (jl[ n ')i>o solves the equation ( I5.19t in W-y. However, by MM equa- 
tion \5.\9\ is also uniquely solvable in I 2 for n sufficiently large. As W v I 2 , 
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it follows that we may regard \x [n ' as the (unique) solution of (I5.19t in But 
r (n) _ (r n+ v)i>o is also in W 7 <^-> ti and hence we may write (17.71) in the form 



(7.8. an _ 1= _ (r (n) ) ___ eo 



where eo = (1 , 0, 0, ...) T and the inverse of 1 - A< n ) is taken in I 2 . 

Equation il.St is derived in the case w G W-v, but as we now show, it remains 

1/2 1/2 

true for w with log w G H R . Note first that for f = log w G H R , w G L P (F) 
for all 1 < p < oo by (the proof of) Lemma 6.1.4 in [17]. Set f (N) = £ N N fj z> 
and w' N ' = e f N) G Wy for any Beurling weight ~v. If d[ N ' denotes the Szego 

function for w [H \ then r< N) = = B(f (N) ). Let A (N > n) denote the Borodin- 

Okounkov operator M A\ with r replaced by r' N '. By (I7.6t 

l|A( N '-»|i;/ 2 ^ 2+ <(^(l+m)|r^| 2 ) 1/2 
^ m>n ' 

/ \ V2 / \ 1/2 

< ( Jjl +m )|r^ ) -r m | 2 J + f £(1 +m)|r m | 2 j . 

^ m>0 ' ^ m>n ' 

The first term on the right converges to zero as N — > oo by Proposition ^3 and the 
second term can be made small uniformly for n large. Thus, for any fixed po < 1 , 
there exists No, no such that 

(7.9) IIA^H^ < p 2 

if N > No and n > t\q. Hence for all N > No and n > no we have by (17.81) 

where r' N ' n ' = (r^Jvx) and is the (n — 1) st Verblunsky coefficient for 
w' N '. But for fixed n, a simple computation shows that as N — > oo, r' N ' n ' — > r' n ' 
in H 1/2 -4 I 2 , and in addition, by d73t . A (N - n) -> A (n) in T^l 2 ) C £(1^), 
the bounded operators on I 2 . Finally, using ( 17.91 . we see that for all n > no the 
RHS of d7~T(l converges to the RHS of {7J>. But as N -> oo the LHS of (171(1 
converges to the LHS of (17.81) by Lemma 6.1.4 (b) in [ 17 1. This establishes ( 17.81) 



1 12. 

for w with log w G H R and n > no- 

Remark. The reader may ask why we do not prove d7.8t directly from the RHP 
in Section |5] with weight w, log w G H K , rather than proceeding by approxima- 
tion as above. However, we only know that w G L P (T) for 1 < p < oo, not in 
L°°(r). t^us ^ rhp is non-standard and requires special (BMO) considerations, 
which we can, and do, avoid. 
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We will now show that ^ ngZ+ n|a n | 2 < oo. Note first from (I7.6t . that for 
n > no 

(7-11) HA^II^ < P 2 

where 

(7.12) | 

n>no 

Secondly, using formula (I7.8t we obtain 

an-! = -r n - (r (n) , (1 - A'-')- 1 A™ e ) l2+ , 

and therefore 
(7.13) 

1/2 / \ 1/2 



/ \ 1/2 

P= ( Z (^+l)|Tn| 2 ) < 1. 



^ulcx^l 2 <p+ £ n|(rM (l-A^-U^eo)^ 2 

/ \ 1/2 

< p+ I ^[|T (n) H| lid -A^)- 1 A^e ||| J 

/ \ 1/2 / \ 

< p+ sup n[|(1 -A^)- 1 A (n »e ||^ -IT ||r M || 2 2 

+/ v n t^ +/ 

Obviously, 

(7.i4) y. \\ r(n] \\ 2 ii= L L |r ^' 2 ^ L^ + 1 )i r ii 2 = p 2 - 

Furthermore, by d7.11t . for any n > no 

|| (1 _ A (n) r 1 A (n) eo|| | < _ A W r 1|||^ ||A^e ||| 

(7-15) < TT -L ip ||AMeol| 2 i 
and also 

n ||A (n) e | | 2 2 = n Y. ^ n 31 ( Y. I r i+ml 2 ) ( J2 

V>0 m>n i>o ^ m>n ' ^ m>TL 

(7.16) <np 2 ^ |r m | 2 < p 2 J2 m|rj 2 < p 4 . 



It follows from ( 17.151) and M .161 . that 

(7.17) sup n||(1 -A^r 1 A (n 'e || 2 2 < n 1 m p 4 . 

L + (1 - p2)2 



n>no 



Combining f7TT3l . d77T4l and d77T7l . it follows that 

(7-18) ( Y_ K\* n ^A ' < y-H-j. 
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This completes the proof that the RHS of (EB => LHS of dTTV 

□ 
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